Abstract-We show that very high-efficiency second-and thirdharmonic conversions can be generated simultaneously in 1-D semiconductor photonic crystals that possess both (2) and (3) nonlinearities. This is theoretically demonstrated in a CdS-SiO 2 photonic crystal. The total conversion efficiency can be as large as 30% for both second-and third-harmonic generations in a small sample with 14 m thickness and an input power of 300 MW/cm 2 . Such high conversion efficiency is the result of 1) the improved phase matching induced by the Kerr effect and 2) the formation of coupled localized states for the fundamental and second-and third-harmonic waves. From our calculation results, we have also observed the tristability of the output intensity as a function of the input power for each of the fundamental, second-harmonic and third-harmonic waves. The origin of the tristability can be understood from the merging of two bistabilities of the fundamental and higher harmonic waves.
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I. INTRODUCTION
R ECENTLY, nonlinear photonic crystals (PCs) have attracted much attention partly due to their important applications in the enhancement of various nonlinear optical effects [1] . In -nonlinear PCs, many studies, both theoretical and experimental, have been devoted to the enhancement of second-harmonic (SH) generation [2] - [7] . The idea in these studies was to utilize both the field localization of the band-edge state and the good phase matching provided by the periodicity of the PCs. The periodicity of a PC is known to give rise to geometrical dispersion, which can cancel the material dispersion and produce good phase matching for SH generation. In -nonlinear PCs, it has been shown that, by changing the light intensity at a wavelength near a band edge, the band edge shifts [8] , [9] and the bistability phenomenon can be observed as the result of the Kerr effect [10] , [11] . Similarly, when the wavelength lies inside the gap near the band edge, a stable, self-organized localized state can be formed [12] - [18] . Recently, significant enhancement of third-harmonic (TH) generation has also been found by utilizing both field localization and good phase matching near the band edge or inside the gap of a -nonlinear PC [19] - [21] . It was also found that the formation of coupled localized states of the fundamental and TH waves plays an important role in the enhancement of TH generation [21] .
Simultaneous SH and TH generation has also attracted much attention recently because it can provide a means to obtain multi-wavelength coherent sources [22] - [25] . Centini et al. [26] have shown theoretically and Luo et al. [27] have demonstrated experimentally that, via a three-wave mixing process, simultaneous SH and TH generation with high conversion efficiency can be achieved in a 1-D -nonlinear PC. It is known that most semiconductors possess both nonnegligible and nonlinearities. Therefore, in nonlinear PCs made of semiconductors, one must take into account the effects due to both nonlinearities. Recently, simultaneous enhancement of SH and TH generation has been observed in 1-D ZnSe-ZnMgS semiconductor PCs [28] . However, in that study, the input power used was below the threshold required for the occurrence of bistability or multi-stability. Thus, the coupled localized state was not utilized in the generation of the SH and TH waves and the Kerr effect was negligibly small [21] . In our work, in order to achieve much higher conversion efficiency, we theoretically study the enhancement of simultaneous SH and TH generation arising from the coupled localized state of the fundamental, SH and TH waves. Since the formation of a coupled localized state can produce large a Kerr effect on all three waves, which, in turn, gives rise to three equivalent wave vectors. The PC, therefore, has to be designed in a way such that the Kerr-induced wave vectors can be utilized to cancel the low-field phase mismatches due to both material dispersion and geometrical dispersion of the PC so that highly efficient SH and TH generations can be achieved. In this work, we demonstrate that the above idea is feasible. In order to have a low threshold input power, we consider here CdS-SiO PCs rather than ZnSe-ZnMgS PCs. Due to the large dielectric contrast between CdS and SiO , this system has a larger photonic band gap than the system studied in [28] has. It, therefore, has more localized wavefunction at the band edge, leading to lower threshold power. We show explicitly that a conversion efficiency of 30% can be achieved for both SH and TH generations in a small sample with 14 m thickness and an input power of 300 MW/cm . Furthermore, due to the formation of the coupled localized states, tristability is observed numerically in all three waves. We show that the tristability is a result of the merging of two bistabilities of the fundamental and higher 0018-9197/$25.00 © 2007 IEEE harmonic waves. It should be mentioned that Konotop and Kuzmiak [29] also studied simultaneous generation of SH and TH waves in a PC with both and nonlinearities. Since they considered an infinite system, the effect that arose from the field localization was neglected.
II. COUPLED-WAVE EQUATIONS
Consider a 1-D nonlinear PC with periods. One layer in each period is linear, with a refractive index and width . The other layer is nonlinear, with a weak-field refractive index , a second-order nonlinear susceptibility , and a third-order susceptibility . The width of the nonlinear layer is . A pump wave of frequency is normally incident upon the sample along the axis. Due to the and nonlinearities, SH and TH waves can be generated. We represent the fundamental, SH and TH waves by , and , respectively, where and ( 1, 2, 3). Here and , respectively, denote the forward and backward propagating components.
By substituting the above fields into Maxwell's equation and using the slowly varying-amplitude approximation for the functions, , we find the following coupled wave equations for the fundamental, SH and TH waves in the nonlinear layer with both and nonlinearities
where , , , and denote the phase mismatches in the case of a weak field. It should be pointed out that (1) is more complete than [28. eq. (1)], in which a number of higher order terms were ignored due to low conversion efficiencies of both SH and TH generations. However, in this work, all these higher-order terms cannot be ignored due to the presence of large SH and TH conversion efficiencies as will be shown later. It should be pointed out that the Kerr nonlinearities appearing in (1), i.e., , and are in general different. However, the and susceptibilities for the frequency conversions appearing in the second and third terms on the right-hand sides of (1a)-(1c) are taken as frequency independent. This assumption leads to a flux conservation in our calculations, i.e., , where is the input energy density and , , , , and are various outgoing energy densities at two output surfaces. In the case of a homogeneous medium, it is straightforward to show that this assumption also leads to a constant total energy density as required by energy conservation, i.e., . Assuming ( ), where
Equation (1) can be rewritten as
where
Note that ( ) in (2) can be interpreted as equivalent wave vectors arising from the Kerr effect, while ( ) in (4) now denotes the phase mismatch in the case of a strong field, which is the sum of the phase mismatches in the case of a weak field and the Kerr-effect-induced phase mismatch, i.e.,
. As we will see in the next section, the formation of a coupled localized state can produce nonnegligible , which compensates and results in good phase matching for .
III. RESULTS AND DISCUSSION
The fields , , and inside the sample, which satisfy the coupled wave equations in the nonlinear layers described by (1)-(4) and the Fresnel law at each interface of two layers, can be solved numerically by using the iterative method described elsewhere [17] , [18] , [21] . In order to ensure a high accuracy, in our calculations, we require that the relative values of the quantities, ( ), are smaller than 10 for all values of inside the sample, where and represent the values in the th step and the th step, respectively, in the iterative procedure. In the case of TH generation with , we are able to obtain the same results as shown in [21] . In order to achieve efficient SH and TH generation, in general, the wavelength of the fundamental wave, , should be close to the band edge and, at the same time, the nonlinear layers should be thick. The former requires , while the latter requires that be as large as possible. Furthermore, in this study, the high conversion efficiencies are obtained through the formation of coupled localized states. We, therefore, further require that the wavelengths of SH and TH waves are also close to the band edges of other gaps as will be discussed later. In our calculations, we consider a CdS-SiO PC with periods, i.e., 35 layers of CdS and 35 layers of SiO . The widths for the SiO and CdS layers are taken to be nm and nm, respectively. Note that small variations in and will have little effect on the general results presented in this work. SiO layers can be considered to be linear because their and are negligibly small compared with those of CdS. CdS layers are nonlinear, with nonnegligible values of and . The refractive index for SiO is taken to be [26] and the weak-field refractive index for CdS is taken to be [30] , where is the wavelength in vacuum, in units of m. The value of for CdS is taken to be cm V at nm, cm V at nm and cm V at nm [31] , where the wavelengths nm, 836 nm and 557 nm are close to the fundamental wavelength, SH wavelength and TH wavelength in this work, respectively. The value of for CdS is taken to be cm/V [32] . However, there is no reliable experimental data on in TH conversion. In principle, it should be close to the value of in the Kerr effect. In this work, we study the SH and TH conversions for two different values of .
A. Properties of the Linear Sample
The transmission spectrum of the linear sample is shown in Fig. 1(a) . The corresponding effective refractive index, , is shown as a solid curve in Fig. 1(b) , where, for comparison, we also plot the refractive indexes of CdS (dotted line) and SiO (dashed line). In Fig. 1(a) , we see that the wavelength at the long-wavelength band edge of the first gap is nm, that of the second gap is nm and that of the third gap is nm. In Fig. 1(b) , we see that when the fundamental wavelength, , is chosen near , the phase matching for both SH and TH conversions is much improved compared with that in the bulk nonlinear CdS medium due to compensation from the geometrical dispersion arising from the periodicity of the PC. However, due to the existence of the large first band gap, the phase mismatch for the SH conversion, i.e., , becomes negative. In the TH conversion, since the material dispersion is too steep at the short wavelength, the geometrical dispersion cannot completely balance the material dispersion and, therefore, produces a positive phase mismatch, i.e., .
B. Simultaneous SH and TH Generation
It is known that the Kerr effect can induce a shift in the band edge or the formation of the gap localized modes [8] - [18] , which are represented by the first terms on the right-hand sides of (1a)-(1c). Thus, in order to make use of the field localization of the band-edge state to enhance the SH and TH conversions, we should take the fundamental wavelength, , to be slightly larger than because at nm. In Fig. 2 , we show some typical results of the normalized output intensities of the fundamental beam (in two upper panels), the SH beam (in two middle panels) and the TH beam (in two lower panels) for two different values of TH conversion susceptibility, , at a fixed fundamental wavelength, nm. Fig. 2(a) -(c) is obtained when the TH conversion susceptibility is chosen to be cm V , which has a positive value. Fig. 2(d)-(f) are obtained when the TH conversion susceptibility, , is chosen to be cm V , which has a negative value. It should be mentioned that the magnitudes of chosen here are on the same order of magnitude as those found in other large bandgap semiconductors [33] . In Fig. 2 , we have defined , ( , 2, 3) and . Fig. 2 clearly shows that both SH and TH beams can be generated efficiently and simultaneously, independent of the sign of . For example, Fig. 2(b) and (c) shows that the total SH conversion efficiency, i.e.,
, can reach about 9.1%, while the total TH conversion efficiency, i.e.,
, can reach about 20% at an input power of MW/cm . Thus, about 30% of the input power is converted to SH and TH generation. Here we should mention that the surface damage threshold of CdS is about 20 for a laser with a 35 ps pulsewidth at wavelength of 1.06 m [34] . Thus, either the excitation power or the total intensity inside the CdS medium (as seen in Figs. 2-4 ) considered in our calculations is well below the damage threshold of the material we considered. 
C. Physical Origin of High SH and TH Conversion Efficiencies
The high conversion efficiencies shown in Fig. 2 for both SH and TH generations are mainly due to the presence of a nonnegligible Kerr effect in (2), which greatly improves the phase matching for both SH and TH conversions. Since and for nm, from (2a)-(2c) we see that the Kerr effect induces a positive and a negative , therefore, canceling the phase mismatches, and , appearing in the case of weak fields. It is worth mentioning that the high conversion efficiency of TH generation shown in Fig. 2 is not due to a cascading effect of the nonlinearity. To show this, we have done another calculation with and cm V . The results are shown in Fig. 3 . It is clearly seen that the conversion efficiency of TH generation is very similar to that shown in Figs. 2(c) and 2(f) where . The maximum TH conversion efficiency is about 25% at MW/cm , which is close to the total energy conversion efficiency ( 30% at MW/cm ) in the case of nonzero [ Fig. 2(a)-(c) ]. It was mentioned earlier that the presence of a nonnegligible Kerr effect is a result of the formation of coupled localized states. To show such a coupled localized state, for simplicity, we plot in Fig. 4 the intensity distributions of (dotted lines) and (solid lines) normalized by input intensity, , at point A (or ) in Fig. 3 . Both distributions are strongly localized and are nearly symmetric to the center of the sample. Since their magnitudes are comparable to each other, this suggests that there exists a significant energy exchange between and in the coupled localized state. This energy exchange also greatly enhances the TH conversion. In the presence of nonlinearity shown in Fig. 2 the coupled localized state consists of three components. In addition to the fundamental and TH waves shown in Fig. 4 , there also exists a localized wave for the SH beam inside the sample.
D. Physical Origin of the Tri-Stability
Finally, we discuss the interesting tristability found in Figs. 2 and 3. The tristability occurs for all three waves. In fact, if tristability occurs in any one of the SH and TH waves, it will also occur in the fundamental wave. This can be seen in Fig. 3 where SH wave does not exist. The existence of tristability originates from the merging of two bistabilities: one arises from the formation of a localized state at the fundamental wavelength and the other arises from the formation of another localized state at higher harmonics. The merging of the two bistabilities produces a tristability, which is accompanied by the formation of a coupled localized state shown in Fig. 4 . To demonstrate this, for simplicity, we have done calculations at three different values of fundamental wavelengths, i.e., 1670.7, 1671, and 1671.5 nm for the case of and . The results of are shown in Fig. 5(a) -(c), respectively. Fig. 5 (a) shows that, at nm, exhibits two bistabilities. As increases away from nm, both bistable regions become wider and the position of the right bistability shifts to the left as shown in Fig. 5(b) . As further increases, the two bistable regions merge, leading to the occurrence of tristability as shown in Fig. 5(c) . The left bistability in Fig. 5(a) and (b) is caused by the shifted band edge of the first gap of the fundamental wave and, thus, as moves away from , the threshold of the input intensity required to shift the band edge and excite a localized state increases, leading to a wider bistable region [17] , [18] . The bistability on the right is caused by the shifted band edge of the third gap or the formation of a localized state at the TH wavelength inside the third gap. This is because lies to the left of nm, which is the long-wavelength band edge of the third gap shown in Fig. 1 . The reason that the position of the right bistability shifts to the left when is increased is explained as follows: an increase in corresponds to an increase in . Thus, moves closer to the band edge at . As a result, the threshold for the excitation of the localized state becomes smaller [17] , [18] . If is further increased, the tristability shown in Fig. 5 (c) disappears and only bistability can be observed. This is more apparent when becomes larger than . In this case, the bistability can only occur in the fundamental wave. This is also true when is located far away from the band edge and in the pass band. In this case, only the first bistable region can occur. In other words, no tristability will occur in this case. To test this, we have done another calculation using different sample parameters so that lies well inside the pass band. The result of our calculation shows only the bistability due to the fundamental wave, which confirms the above explanation.
IV. SUMMARY
In this work, we have theoretically studied SH and TH conversions due to coupled localized states in a 1-D semiconductor PC made of CdS-SiO , which possess both and nonlinearities. By using realistic optical parameters, we have calculated both SH and TH conversion efficiencies. Our numerical results show that both the SH and TH beams can be generated simultaneously and very efficiently in a small sample of 14 m thickness. The high conversion efficiencies are the results of both improved phase matching induced by the Kerr effect and strong field localization of the fundamental, SH and TH waves in the coupled localized states. The accompanying phenomenon of tristability phenomenon is also discussed.
